Abstract. We prove that, given |H| < 1, a generic simple closed curve embedded in the asymptotic boundary of H 3 (with respect to the supremum metric) bounds more than one complete surface embedded in H 3 which has constant mean curvature H. We remark that this is not true for the space of simple closed C 1 -curves.
Introduction
The classical tool for obtaining complete minimal surfaces embedded in H 3 with a given asymptotic boundary Γ ⊂ ∂ ∞ H 3 is to solve the Asymptotic Plateau Problem. For a given Γ, this problem asks the existence of complete surfaces asymptotic to Γ such that any compact part of some topological type minimizes area in a certain class of competitive surfaces (For a survey on the topic see [11] ). In [3] , Anderson proved the existence of absolutely area minimizing surfaces (Definition 2.1) in H 3 . In fact, he proved the result for general dimensions and codimensions. In [4] , he also proved the existence for least area planes in H 3 (Definition 2.1). These results imply that for a given simple closed curve Γ ⊂ H 3 we always have two complete embedded minimal surfaces with asymptotic boundary Γ which might be identical. Concerning the uniqueness of solutions, it is known that a simple closed curve which is the boundary of a star-shaped domain in ∂ ∞ H 3 is the asymptotic boundary of a unique complete minimal surface in H 3 ([3] , [14] ). On the other hand, there exist simple closed curves for which any absolutely area minimizing surface must have positive genus ([4] , [15] ). In this paper we show that this is a generic property. Let A 0 denote the space of all simple closed curves with respect to the C 0 -topology (supremum metric) and A 1 be the subset of A 0 consisting of curves for which any absolutely area minimizing surface has genus greater than one. Then the following holds: Proposition. A 1 is an open and dense subset of A 0 .
From this and the existence of least area planes, it follows that generically a simple closed curve bounds more than one complete embedded minimal surface. An analogous result exists for the space of simple closed curves embedded in the boundary of mean convex 3-manifolds ( [5] ) and here we follow those ideas. To show that A 1 is open, we take a sequence of curves Γ n ∈ A 0 \ A 1 which converges to a simple closed curve Γ. Then for each n, Γ n is the asymptotic boundary of an absolutely area minimizing surface Σ n which has genus zero by definition. By classical arguments we can extract a subsequence of Σ n converging smoothly on compact sets to an absolutely area minimizing surface Σ which has asymptotic boundary Γ and has genus zero. This shows that A 0 \ A 1 is closed so that A 1 is open. This argument directly extends to the statement A g is open for every g ∈ N, where A g is defined analogously (Remark 3.1). This means that by a deformation of Γ ∈ A g which is sufficiently small compared to the diameter of Γ we cannot obtain an absolutely area minimizing surface which has genus strictly less than g.
However, we can do the converse by applying a bridge principle at infinity. In other words, we can "increase the genus" by a small deformation of the boundary curve Γ. In [17] , Martin and White developed a bridge principle for uniquely minimizing surfaces (Definition 2.1) with smooth asymptotic boundary by attaching bridges to the asymptotic boundary curve and using it succesively they proved that any open surface can be properly embedded in H 3 . Using similar ideas we can show that A 1 is also dense in A 0 . Note that for our result we do not demand smoothness on the boundary curves. However, by the generic uniqueness of absolutely area minimizing surfaces ( [10] ), in a C 0 neighborhood of a given simple closed curve, we can always find a smooth simple closed curve which bounds a unique absolutely area minimizing surface to which we can apply the bridge principle. Analogous results exist for more general constant mean curvature surfaces. We will call a constant mean curvature surface with mean curvature H ∈ R as a H-surface. For |H| < 1, complete embedded H-surfaces can be obtained by formulating the asymptotic Plateau problem for surfaces which minimizes area on compact domains with a volume constraint ( [20] , [1] )(See Definition 3.1). Following [9] we will call such surfaces as H-minimizing surfaces. Bridge principle for H-minimizing surfaces has been obtained in [7] . Existence of H-minimizing planes for |H| < 1 is obtained in [6] which also removes a gap in the Anderson's proof for the existence of least area planes. For this it is necessary to have one smooth point on the curve. In the most general form our main theorem can be stated as follows:
Theorem. Given |H| < 1, the set of simple closed curves Γ ⊂ ∂ ∞ H 3 with one smooth point and which bounds more than one complete H-surface embedded in H
3 contains an open and dense subset of the space of all simple closed curves with respect to C 0 -topology.
In the next section we give the related background for our work. In the third section we first prove our result for complete embedded minimal surfaces and then we generalize it to H-surfaces. In the last section we will comment on some questions that naturally arises; what happens for the space of C 1 curves and for the curves with more than one component?
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Preliminaries
We will denote by H 3 the 3-dimensional hyperbolic space. ∂ ∞ H 3 will denote the asymptotic boundary of H 3 which is homeomorphic to the 2-dimensional sphere. If A ⊂ H 3 , A will denote the closure of A in the closed ball H 3 ∪ ∂ ∞ H 3 . We will call the set A \ A the asymptotic boundary of A which will be denoted by ∂ ∞ A. Definition 2.1. A complete noncompact surface Σ in H 3 is said to be an absolutely area minimizing surface if any compact subsurface S of Σ minimizes area among all surfaces with boundary equal to ∂S. If for a simple closed curve Γ ⊂ ∂ ∞ H 3 there exists a unique absolutely area minimizing surface asymptotic to Γ, then we will call Γ a uniquely minimizing curve and Σ a uniquely minimizing surface. A complete embedded plane P is called a least area plane if any compact subdisk D of P minimizes area among all disks with boundary ∂D.
Lemma 2.1 ([3]
). Let p < n and Γ p be a closed immersed submanifold of ∂ ∞ H n+1 . Then there exists a complete absolutely area minimizing locally integral p + 1 current
Remark 2.1. Later, in [4] , using the fact that any simple closed curve can be approximated by inscribed polygons it is proved that this result also holds for any simple closed curve in ∂ ∞ H 3 .
If we restrict ourselves to hypersurfaces, solutions are smooth and embedded away from a singular set of Hausdorff dimension n − 7 by the interior regularity results of geometric measure theory. In the particular case of dimension n = 2 the solutions are smooth embedded surfaces. Note that in the construction of this solution, there is no control over the topology of the resulting absolutely area minimizing surface. In [4] Anderson solved the asymptotic Plateau problem for disk type (See also [13] and [6] ).
Lemma 2.2. Let Γ ⊂ ∂ ∞ H 3 be a simple closed curve. Then there exists a complete embedded least area plane with asymptotic boundary Γ.
Note that the solution given in the above theorem may not be absolutely area minimizing. In [4] and [15] , they constructed examples of simple closed curves Γ such that if P is a least area plane asymptotic to Γ then it cannot be absolutely area minimizing. Let A 0 be the set of all simple closed curves embedded in ∂ ∞ H 3 . The C 0 -topology on A 0 is given as follows:
3 be a simple closed curve. Then Γ is the image of a continuous embedding f :
We define an open neighborhood N ǫ (Γ) around Γ as the set of all simple closed curves Γ ′ for which there exists a one-to-one continuous map
Remark 2.2. When ǫ > 0 is sufficiently small (relative to the diameter of Γ) another useful characterization of N ǫ (Γ) can be given as follows:
The following lemma says that the set of uniquely minimizing smooth simple closed curves are dense.
Lemma 2.3 ([10]
). Let Γ be a simple closed curve. Then there exists a sufficiently small ǫ > 0 such that, if {Γ t : t ∈ (−ǫ, ǫ)} is a set of simple closed curves foliating the annulus A ǫ (Γ) around Γ, then except a countable subset of (−ǫ, ǫ) Γ t bounds a unique absolutely area minimizing surface.
We finish this section with the statement of a bridge principle at infinity for uniquely area minimizing surfaces in H 3 . Let Γ be a finite disjoint union of smooth simple closed curves and α be a line segment joining any two distinct points p,q ∈ Γ such that α ∩ Γ = {p, q} and α ⊥ Γ (Figure 1 ). For ǫ > 0 define a neighborhood of the set Γ ∪ α by
Note that Γ separates the region into two (possibly disconnected) parts Ω + and Ω − with ∂Ω + = ∂Ω − = Γ. Let Ω + be the region containing α and {Γ t : 0 < t < ǫ} be a foliation of Ω + ∩ A ǫ (Γ ∪ α) such that Γ t converges to Γ ∪ α as t goes to 0. Lastly, we call the closure of the set P α := Ω + ∩ A ǫ (α) a bridge along α. The following theorem is obtained in [17] (See also [6] ).
Lemma 2.4 (Bridge Principle). Let Γ be as above and bound a unique absolutely area minimizing surface Σ. Then (with the notation above) there exists a sequence t n ∈ (0, ǫ) converging to 0 such that Γ tn ⊂ Ω + ∩ A ǫ (Γ ∪ α) bounds a unique absolutely area minimizing surface Σ n and that Σ n is homeomorphic to Σ ∪ P α (closures taken in the closed ball H 3 ∪ ∂ ∞ H 3 ).
Generic non-uniqueness of H-surfaces
In this section we prove our main theorem. We will first prove the theorem for minimal surfaces. Then we will generalize to 0 < |H| < 1.
3.1. The case H = 0. Let A 0 be the space of simple closed curves with C 0 -topology (Definition 2.2) and let A 1 be the subset of A 0 consisting of curves for which any absolutely area minimizing surface has positive genus. Proof. We will show that A 0 \A 1 is closed. Let Γ n be a sequence in A 0 \A 1 which converges to some Γ ∈ A 0 and Σ n be a sequence of absolutely area minimizing surfaces with ∂ ∞ Σ n = Γ n and that Σ n is homeomorphic to a disk for each n. Then we can extract a subsequence of Σ n which converges smoothly on compact sets to an absolutely area minimizing surface Σ with asymptotic boundary Γ. This follows from the existence of local area and curvature bounds (See Theorem 4.37 in [18] ). In order to find local area bounds, let Ω n be one of the connected open sets separated by Σ n in H 3 . Then for any compact domain K, since Σ n is absolutely area minimizing, A(Σ n ∩ K) ≤ A(∂K ∩ Ω n ) where A denotes the area. The latter has always less area than ∂K so that A(∂K) serves as a local area bound. Also, by [19] , there exists uniform global curvature bound for stable minimal surfaces in H 3 . Note also that since each Σ n is area minimizing, the convergence is with multiplicity 1. From this it follows that for any compact domain K and for a sufficiently large n, Σ n ∩ K can be written as a normal graph over Σ ∩ K so that both surfaces are homeomorphic. Since this holds for any compact domain and Σ n is of genus 0, Σ must have genus 0 too. Now we have ∂ ∞ Σ = Γ and Γ ∈ A 0 \ A 1 , so the proof is complete.
Next we show that A 1 is also dense. Proof. Let Γ be a simple closed curve and ǫ > 0. By Lemma 2.3 there exists a smooth simple closed curve Γ u ∈ N ǫ/2 (Γ) (Definition 2.2) which bounds a unique absolutely area minimizing surface Σ. Suppose that Γ u / ∈ A 1 , i.e. Σ is a plane. Since Γ u is a uniquely minimizing curve we can apply the bridge principle. Figure 1 . Γ is connected on the left and Ω + is the region enclosed by Γ. On the right Γ is disconnected and Ω − is the region enclosed. The gray region is the set Figure 2 . We can apply the bridge principle successively to a uniquely minimizing curve Γ u successively in a neighborhood.
Let α be a line segment joining two distinct points of Γ u satisfying the hypothesis of Lemma 2.4 and such that Γ u ∪ α lies in the annulus A ǫ/2 (Γ u ) around Γ u . Then by the bridge principle we can find a curve Γ ′ u ⊂ A ǫ/2 (Γ u ) which is a disjoint union of two simple closed curves and bounds a unique absolutely area minimizing surface Σ ′ (Figure 2 ). Furthermore Σ ′ is homeomorphic to Σ ∪ P α where P α is a bridge along α (for the definition see the last paragraph in the previous section and also note that closures taken in the closed ball
. Since Σ is a plane, Σ ′ is homeomorphic to an annulus. Now we can apply the bridge principle to Σ ′ because it is also a uniquely area minimizing surface. Let α ′ be a line segment connecting two distinct points of Γ Proof. We know that every simple closed curve bounds a least area plane by Lemma 2.2. From this it follows that for all Γ ∈ A 1 there exist at least two complete embedded minimal surfaces with asymptotic boundary Γ. Since A 1 is open and dense by the previous propositions, the result follows. 
H-surfaces.
In this section we generalize our result to H-surfaces, where |H| < 1. Following the formulation of [20] and the terminology of [9] , we first state the generalization of asymptotic Plateau problem for H-surfaces. For this we will use the upper half-space model for H 3 = {(x, y, z) ∈ R 3 |z > 0}. So ∂ ∞ H 3 can be identified with the one-point compactification of R 2 × {0}.
Definition 3.1. Let Σ ⊂ H 3 be complete embedded surface with asymptotic boundary Γ. Then Γ separates R 2 × {0} into two domains one of which is bounded. Let O ⊂ R 2 × {0} be the bounded part and Ω Σ ⊂ H 3 be the region enclosed by Σ ∪ O. We say that Σ is a H-minimizing surface if for any compact domain K ⊂ H 3 , Σ minimizes the functional I
where A denotes the area and V denotes the volume. We will also say that Σ is uniquely H-minimizing if it is the unique H-minimizing surface with its asympotic boundary. Lastly, if Σ is a complete embedded plane which minimizes the functional among all disks on each compact domain, then we will call Σ a H-minimizing plane. [20] ). Let Γ ⊂ ∂ ∞ H 3 be C 1 curve and |H| < 1. Then there exists a complete embedded H-minimizing surface (with respect to the normal field pointing into Ω Σ ) with asymptotic boundary Γ. Remark 3.2. As noted in [20] it is enough to assume O to be a set of locally finite perimeter which in turn is rectifiable. Any simple closed curve can be approximated by rectifiable sets which allows us to extend the theorem to simple closed curves. See also Remark 2.1.
Claim. The previous theorem still holds if we take Γ to be a simple closed curve.
Proof. Let Γ be a simple closed curve. Then there exists a sequence of inscribed polygons Γ n which converges to Γ. By the above theorem there exists a sequence of H-minimizing surfaces Σ n with asymptotic boundary Γ n . As we did in Proposition 3.1 we can extract a subsequence of Σ n which converges smoothly on compact sets to an H-minimizing surface Σ with asymptotic boundary Γ. For this it is enough to find uniform local area and curvature bounds. Let K be a compact domain in H 3 . Then A(Σ n ∩ K) ≤ A(∂K ∩ Ω Σn ) because otherwise we could replace Σ n ∩ K with ∂K ∩ Ω Σn decreasing the total value of the functional I H K as the second term disappears. So A(∂K) serves as a local area bound. Moreover, there exists global curvature bound for stable complete embedded H-surfaces ( [19] ).
Recently, the asymptotic Plateau problem for H-minimizing disks is also obtained.
Lemma 3.5 ([6]
). Given |H| < 1 and any simple closed curve Γ ⊂ ∂H 3 with at least one smooth point there exists an embedded minimizing H-plane Σ with asymptotic boundary Γ.
Because of the restriction of this theorem we will restrict ourselves to the space of simple closed curves which has at least one smooth point. So let A * 0 be the space of simple closed curves with at least one smooth point and A Proof. The proof follows similarly as in the case of minimal surfaces. Let Γ n ∈ A 0 \ A 1 be a sequence converging to a curve Γ ∈ A 0 . By definition, there exists H-minimizing surfaces Σ n which are planes and asymptotic to Γ n . Then as in the proof of the previous claim we can extract a subsequence of Σ n which converges smoothly on compact sets to some H-minimizing plane Σ with asymptotic boundary Γ. The limit surface Σ is a plane which shows that
is open. For the density we note that the bridge principle for absolutely area minimizing surfaces (Lemma 2.4) applies to H-minimizing surfaces. Also, Lemma 2.3 also extends to uniquely minimizing Hsurfaces ( [8] ). Then the density of A H 1 follows exactly the same way as in Proposition 3.2.
Corollary 3.7. Given |H| < 1, the set of simple closed curves (with at least one smooth point) which bounds more than one complete embedded H-surface contains an open and dense subset.
Proof. By Lemma 3.5 every simple closed curve Γ ∈ A H 1 bounds an H-minimizing plane so the result follows.
Concluding Remarks
In this section we will comment on two natural extensions of our result. Firstly, we will ask what happens for the space of C 1 simple closed curves. Then we consider the case for curves with more than one component.
4.1.
The space of C 1 simple closed curves. We have obtained the generic non-uniqueness result for the space of simple closed curves endowed with the C 0 -topology. A natural question is what happens for C 1 simple closed curves? We know that a simple closed curve Γ ⊂ ∂ ∞ H 3 which bounds a star-shaped domain bounds a unique complete embedded minimal surface which in turn has to be a plane ( [14] ). Following lemma allows us to conclude that there exist C 1 -open neighborhoods consisting of simple closed curves which bound a unique complete embedded minimal surface. We consider the upper half-space model for H 3 (see the beginning of Section 3.2). We will use the following characterization of star-shaped domains: A bounded simply-connected domain Ω ⊂ R 2 with a C 1 boundary is star-shaped with respect to a point x ∈ Ω if and only if (y − x) · ν(y) ≤ 0 for all y ∈ ∂Ω where ν is the inward pointing normal on ∂Ω.
Lemma 4.1. Let Γ ⊂ R 2 be a convex simple closed curve. Then there exists a C 1 -neighbourhood of Γ consisting only of curves which bound a star-shaped domain.
Proof. Let Γ be a convex curve such that the origin is contained in the bounded region enclosed by Γ. We claim that in a sufficiently small C 1 -neighborhood of Γ every curve bounds a starshaped region with respect to the origin. Otherwise, there exists a sequence of curves Γ n which are not star-shaped with respect to the origin and the sequence converges to Γ in C 1 . Then, by the characterization of star-shaped domains given above, there exists a sequence of points x n ∈ Γ n with x n · ν n (x n ) ≥ 0 where ν n is the inward pointing normal vector field to Γ n . By passing to a subsequence we can assume that x n converges to a point x ∈ Γ and the tangent lines at x n to Γ n converge to the tangent line of Γ passing through x. In particular ν n (x n ) converges to ν(x). Hence, we find a point x ∈ Γ such that x · ν(x) ≥ 0. On the other hand since Γ is also star-shaped with respect to the origin, we have x · ν(x) ≤ 0 so that x · ν(x) = 0. Therefore the tangent line L of Γ passing through x coincides with the line passing through the origin and x. Hence, L intersects the bounded open set enclosed by Γ which contradicts with the convexity of Γ.
By the above lemma and the uniqueness results for curves which bound star-shaped domains ( [14] ) we have the following corollary. Hence, generic non-uniqueness does not hold for the space of C 1 simple closed curves.
4.2.
Curves with more than one component. Given a closed curve Γ ⊂ ∂H 3 with more than one component, in general there is no connected minimal surface with asymptotic boundary Γ. For instance, if Γ is a disjoint union of two round circles and if Σ is a connected minimal surface, then Σ has to be a surface of revolution ( [16] ). However, there exist pairs of round circles which cannot bound a surface of revolution ( [21] ). On the other hand solving the asymptotic Plateau problem in mean convex domains of H 3 ([12]) we can obtain plenty of connected minimal surfaces with two boundary components. Then it might be possible to apply the degree theory developed for minimal surfaces in H 3 ([2]) in order to obtain non-uniqueness results in this case. Of course, if we don't restrict to connected minimal surfaces, existence problem is still solvable by absolutely area minimizing surfaces. Then we can apply the bridge principle as we did before to show that A 1 is an open and dense subset of A 0 . Hence, generic non-uniqueness follows as any curve with more than one component bounds a disjoint union of least area planes. More precisely the following generalization of our main theorem holds. 
